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Abstract. Mixed convection heat transfer and fluid flow of air, water or oil in enclosures have been studied extensively 
using experimental and numerical means for many years due to their ever-increasing applications in many engineering 
fields. In comparison, little effort has been given to the problem of mixed convection of nanofluids in spite of several 
applications in solar collectors, electronic cooling, lubrication technologies, food processing, and nuclear reactors. Mixed 
convection of nanofluids is a challenging problem due to the complex interactions among inertia, viscous, and buoyancy 
forces. In this study, mixed convection of nanofluids in a lid-driven square cavity with sinusoidal roughness elements at 
the bottom is studied numerically using the Navier-Stokes equations with the Boussinesq approximation. The numerical 
model is developed using commercial finite volume software ANSYS-FLUENT for Al2O3-water and CuO-water 
nanofluids inside a square cavity with various roughness elements. The effects of number and amplitude of roughness 
elements on the heat transfer and fluid flow are analysed for various volume concentrations of Al2O3 and CuO 
nanoparticles. The flow fields, temperature fields, and heat transfer rates are examined for different values of Rayleigh 
and Reynolds numbers. The outcome of this study provides some important insight into the heat transfer behaviour of 
Al2O3-water and CuO-water nanofluids inside a lid-driven rough cavity. This knowledge can be further used in 
developing novel geometries with enhanced and controlled heat transfer for solar collectors, electronic cooling, and food 
processing industries. 
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INTRODUCTION 
The natural and forced convection of air, water or oil in enclosures with a various geometry such as square, 
wavy, inclined, cylindrical annuli and triangular, have long been a question of great interest in a wide range of fields 
[1-10]. Flow and heat transfer from such irregular surfaces are often encountered in many engineering applications 
such that it is in great need to enhance heat transfer in the cooling system of microelectronic devices, flat-plate solar 
collectors, flat plate condensers in the refrigerator and underground cable system, etc. Nevertheless, the low thermal 
conductivity of conventional heat-transfer fluids such as water, ethylene glycol or propylene glycol has been the 
main limitation and this lead to investigate the thermal performance of nanofluids. Nanofluids are suspensions of 
nanosize solid particles (typically 10-100 nm) in base fluids that can have higher thermal properties compared to that 
of base fluids, making them more efficient for heat transfer applications. Although many experimental studies have 
been conducted for nanofluids for showing their better thermal properties and thermal performances [11-13], it is not 
clear whether the enhancement of thermal conductivity would be beneficial for the mixed convection in the 
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enclosure. Meanwhile, the mixed convection of nanofluids in the enclosure is quite a challenging problem due to the 
complex interactions among inertia, viscous, and buoyancy forces. 
 
A large amount of literature has been published on thermal dynamics of nanofluids in a square cavity with wavy 
roughness elements [14-18]. Lee et al. [19] measured the thermal conductivity of fluids containing CuO and Al2O3 
nanoparticles. Their study suggested that the thermal conductivity increased with nanoparticle volume fractions. Al-
Amiri et al. [14] highlighted that a roughened surfaces with different elements number and amplitude are sometimes 
an option to enhance heat transfer. However, it is noteworthy that many previous studies focused on the natural 
convection of nanofluids; for example, Adjlout et al. [20] conducted a numerical study of the effect of a hot wavy 
wall of a laminar natural convection in an inclined differentially heated square cavity. Vajravelu and Sastri [21] 
researched the natural convection in a viscous incompressible fluid confined between a long vertical wavy all and a 
parallel flat wall. Nevertheless, uncertainty still exists about the mixed convection in square cavities with wavy 
roughness elements. In this paper, a two-dimensional steady-state numerical model has been established to aid 
investigating the factors that determine mixed convection flow of nanofluids in a square rough cavity with 
sinusoidal roughness elements. Two types of nanofluids, namely CuO-water and Al2O3-water nanofluids, are 
investigated in the present study. The number and amplitude of roughness elements are used to define the sinusoidal 
geometry. For various simulated domains, several values of Rayleigh number (Ra), Reynolds number (Re) and 
volume fractions of nanoparticles are considered. 
 
GOVERNING EQUATIONS 
The conservation equations of mass, momentum and energy in a steady-state, two-dimensional laminar and 
incompressible flow are used as the governing equations in this study, with the Boussinesq approximation in the y-
direction, which are expressed as: 
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In the above equations, u and v are the horizontal and vertical velocities, p is the thermodynamic pressure, Pnf is the 
effective dynamic viscosity of nanofluids, Unf is the mass density of nanofluids, Enf is the thermal expansion 
coefficient of nanofluids, T is the temperature, g is the gravitational acceleration, knf is the effective heat 
conductivity of nanofluids, and cp,nf is the effective heat capacity of nanofluids. The effective density, heat capacity 
and thermal expansion coefficient of nanofluids are estimated using the effective medium theory as it provides a 
reasonable estimate of effective properties and this theory has been widely used for multi-phase systems [22-26]. 
The expression of effective density, heat capacity and thermal expansion coefficient are given as: 
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The effective dynamic viscosity of the nanofluids is given by the Brinkman model [27]: 
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The effective heat conductivity is approximated by the Maxwell model [28]: 
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where the subscripts nf, f and s denote the nanofluids, base fluid, and solid particles, respectively. In this study, it is 
assumed that the shape and size of nanoparticles (CuO and Al2O3) are uniform and in thermal equilibrium with base 
fluid (in this case water). Thermo-physical properties of water, CuO and Al2O3 nanoparticles, CuO-water and Al2O3-
water nanofluids (φ = 1%) are listed in Table 1. 
 
TABLE 1. Thermo-physical properties of the base fluid, nanoparticles, and nanofluids. 
Physical 
properties 
Base-fluid 
(water) 
Nanoparticles 
(CuO) 
Nanoparticles 
(Al2O3) 
Nanofluid 
(1% CuO-water) 
Nanofluid 
(1% Al2O3-water) 
Cp [J/(kg·K)] 4179 540 765 3954.18 4047.01 
U [kg/m3] 997.1 6500 3970 1052.13 1026.83 
k [W/m·K] 0.613 18 40 0.62978 0.63074 
E [1/K] 2.1×10-4 8.5×10-6 8.5×10-6 1.97×10-4 2.02×10-4 
P [kg/m] 1.002×10-3  - 1.03×10-3 1.03×10-3 
 
 
PROBLEM DESCRIPTION AND NUMERICAL MODELLING 
Figure 1 shows a schematic diagram of a lid-driven cavity with roughness elements intruded at the bottom wall. 
The top wall of the cavity is moving along the x-axis direction with a uniform velocity and a constant temperature of 
Tmin is defined on it, while the roughness elements have the highest wall temperature (Tmax) boundary condition. In 
Figure 1, H and L are the height and length of the cavity, A and N are the scaled amplitude and number of roughness 
elements with respect to the cavity length and height, respectively. All exterior surfaces but the top surface are 
considered adiabatic and no-slip condition is valid. The dimensionless velocities (u* and v*) and temperature (T*) in 
Figure 1 are defined as: 
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The area of the cavity is kept fixed as 1 m2 and different values of the scaled amplitude and number of roughness 
elements are tested. In this study, four different values of φ are considered: 1%, 2%, 4% and 8%. A set of non-
dimensional numbers is used to modify the relation between the buoyancy and inertial forces. The Reynolds (Re), 
Rayleigh (Ra), Prandtl (Pr), and Richardson number (Ri), which are defined as: 
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whereDnf is the thermal diffusivity and Qnf is the kinematic viscosity of nanofluids. For different buoyancy forces 
considered in this study, the Rayleigh numbers are varied between 103 and 106. For different inertial forces, the 
Reynolds numbers are varied between 10 and 2000. Finally, the average Nusselt number (Nuavg) is calculated 
through the integral of the local Nusselt number over the roughness elements. 
 
  
FIGURE 1. Schematic diagram of the cavity flow domain. 
 
 
TABLE 2. Values of average Nusselt number for different triangle mesh densities. 
Volumes Avg. Nusselt number % Error 
10040 8.489 - 
14963 8.729 2.749 
20144 8.820 1.032 
25122 8.854 0.384 
 
The numerical solution is obtained by solving the governing equations using commercial finite volume based 
software, ANSYS-FLUENT. A second order upwind scheme is used for the spatial discretization of the 
aforementioned equations. Further, the velocity-pressure coupling is done by the SIMPLE algorithm and the pressure 
based solver is used to compute the solution. The solution of the governing equations is considered converged when 
the residuals are smaller than 10–6 for the mass and momentum equations and smaller than 10–8 for the energy 
equation. To judge the mesh independence, a mesh test was performed by comparing the average Nusselt for various 
meshes. The results of a mesh independency test are given in Table 2 for mesh densities of 10040, 14963, and 
200144 and 25122 for Ra = 105 and φ = 2% for CuO-water nanofluid in a rough cavity with the scaled number of 
roughness elements (N) of 8 and the scaled amplitude of the roughness (A) of 0.05. Here the scaled number of 
roughness elements and scaled amplitude of the roughness are defined with respect to the cavity length and height, 
respectively. As shown in Table 2, the error decreases as the mesh density is increasing, while the error in 20144 
mesh is around 1%. These data are shown for triangular meshes. In addition, a quadrilateral-dominant mesh is tested; 
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however, it takes a longer time to be converged than triangular mesh to achieve the error less than 1%. Since 20144-
triangular-mesh produces an error about 1%, the remaining simulations were performed with triangular mesh size 
higher than 20144. 
 
NUMERICAL VALIDATION 
To evaluate the validity of the present numerical code, the present numerical solution is compared with the 
benchmark numerical solution of Davis [29]. The Davis’s benchmark case considered the two-dimensional of 
Boussinesq fluid of Prandtl number (Pr) 0.71 in a square cavity of a uniform side length L. The temperature of right 
wall (Tmax) is higher than that of the left wall (Tmin), while the horizontal walls are adiabatic. The numerical results of 
Ra numbers: 103, 104, 105, 106 are compared. Figure 2 shows the average Nusselt number of the hot wall for various 
Ra numbers. As demonstrated in Figure 2, the present computational code has achieved a good and reliable accuracy 
with reported data of Davis [29]. 
 
 
FIGURE 2. Comparison of present Average Nusselt number (Nuavg) results with Davis [29]. 
 
RESULTS AND DISCUSSION 
In this section, numerical simulation results of mixed convection of CuO-water and Al2O3-water nanofluids in a 
lid-driven cavity with roughness elements at the bottom are presented. A set of graphs, thermal contours and 
streamlines are shown to illustrate the relationships between various parameters such as: Reynolds number (between 
100 and 2000) and Rayleigh number (between 103 and 106), scaled amplitude (A = 0.05, 0.10 and 0.15), and scaled 
number of roughness elements (N = 6, 8 and 12). Finally, the effects of different volume fractions of nanoparticles 
(φ = 1%, 2%, 4% and 8%) in the nanofluids are presented. The benchmark for judging the intensity of convection 
compared to the conduction is illustrated by using average Nusselt numbers (Nuavg) along the roughness elements. 
Effects of Reynolds and Rayleigh Numbers 
The effects of Raleigh and Reynolds numbers on the heat transfer between the roughness elements and 
nanofluid are demonstrated in Figure 3. Figure 3a shows the change of average Nusselt number (Nuavg) as a function 
of Rayleigh number and are shown for base fluid (water), 1% CuO-water nanofluid, and 1% Al2O3-water nanofluid 
at a fixed Reynolds number as indicated in the figure legend. These cases are simulated under the condition that a 
scaled number of roughness elements are 8 and the scaled amplitude is 0.05. It is found that at a relatively low 
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Rayleigh number (Ra < 104), the natural convection provided by the varying Ra has a rare influence on the heat 
transfer between the roughness elements and nanofluid. However, at higher Rayleigh number (Ra > 105), the trend 
of increasing average Nusselt number becomes evident. This trend indicates that the buoyancy force dominates over 
the inertia force and provides a higher convection current to enhance the convective heat transfer. The addition of 
nanoparticles in the base fluid decreases the average Nusselt number for all Rayleigh numbers and the CuO-water 
nanofluid provides the lowest Nusselt number at a fixed Rayleigh number. This is perhaps due to the higher density 
of nanoparticles. Nanoparticles are heavier than water and CuO has the highest density among the fluids considered 
in this study, which in turns increases the effective nanofluid density (see Table 1). Due to the higher effective 
density of  CuO-water nanofluid, the buoyancy force at a fixed Rayleigh number would be lower compared to water 
and Al2O3- nanofluid. It is also important to note that CuO-water nanofluid has the lowest heat capacity. Hence, less 
heat is carried by the fluid from the bottom rough-wall to the surrounding fluid, which adversely affecting the 
thermal transport between the roughness element and nanofluid. 
Figure 3. Influence of Rayleigh and Reynolds numbers for N = 8 and A = 0.05 for base fluid (water), 1% CuO-water, and 1% 
Al2O3-water nanofluids. Symbols are the numerical data points and the lines are the best fits. 
In terms of various Reynolds numbers, which is responsible for providing the forced convection between the 
roughness elements and nanofluid, it can be easily found that the average Nusselt number largely increased with the 
Reynolds number as shown in Figure 3b. Here the fluid motion is dominated by the forced convection. Once again 
CuO-water nanofluid shows a lower average Nusselt number than the base fluid (water) and Al2O3-water nanofluid 
for all Reynolds numbers. At low Reynolds number (Re < 100), the average Nusselt number decreases with the 
increase of Reynolds number and then linearly increases with Reynolds number for Re < 500. The rate of change of 
increasing average Nusselt number decreases with the Reynolds number when Re > 500. These trends can be further 
analysed by comparing isothermal and streamline plots for various Reynolds numbers.  
Isotherms plots of Al2O3-water nanofluid of 1% particle concentration for different Reynolds numbers at Ra = 
105 are shown in Figure 4, while the streamline plots of Al2O3-water nanofluid of 1% particle concentration for
different Reynolds numbers at Ra = 105 are shown in Figure 5. As observed in Figures 4a and 5a, only a part of 
nanofluid inside the rough cavity is forced by the external force, while a significant amount of nanofluid is not 
influenced by the external force. Therefore, the conduction is a dominating phenomenon at the lower half of the 
cavity for Re = 100. As Reynolds number increases, the external force helps the flow to mix within the cavity, 
except the lower right corner, and increases convective heat transfer. At a higher Reynolds number (Re > 1000), 
secondary flow forms at the bottom corner of the cavity. These secondary flows hinder the convective current of 
nanofluids as depicted by the lower rate of change of average Nusselt number in Figure 3b for Re > 1000. 
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(a) Re = 100 (b) Re = 500
T* = 1
T* = 0
(c) Re = 1000 (d) Re = 1500
Figure 4. Isotherms plots of Al2O3-water nanofluid with 1% particle concentration for different Reynolds number at Ra = 10
5: (a)
Re = 100. (b) Re = 500. (c) Re = 1000 (d) Re = 1500. 
Effects of Amplitudes and Number of Roughness Elements
The effects of the amplitude of the roughness and the number of roughness elements are shown in Figure 6. Here 
the scaled amplitude (A) and scaled number of roughness elements (N) are used and they are scaled with respect to 
the cavity’s height and width, respectively. Figure 6a shows the effects of scaled amplitudes on the average Nusselt 
number for water, 1% CuO-water nanofluid, and 1% Al2O3-water nanofluid at a fixed Reynolds number and 
Rayleigh number for the scaled number of roughness elements of 8. It appears that among three tested amplitudes, 
the largest average Nusselt number (Nuavg) between roughness elements and nanofluid for the rough cavity occurs at 
A = 0.05, meanwhile the Nuavg drops as the amplitude increase from 0.10 to 0.15. The reduction of Nuavg between A
= 0.05 and 0.10 is almost twice compared the change of  Nuavg between A = 0.10 and 0.15. For all the rough cases, 
the average Nusselt number is significantly lower compared to the smooth-wall cavity. This trend indicates that the 
roughness elements increase the conduction heat transfer from the bottom rough-wall to nanofluids, while the 
roughness elements hinder the convective flow within the cavity as amplitude increases. In all the cases, CuO-water 
nanofluid performs slightly poorer than Al2O3-water nanofluid. Figure 6b reveals the effects of a number of scaled 
roughness elements on the average Nusselt number at a fixed scaled amplitude of 0.05. It is observed that the largest 
mixed convection heat transfer within the rough-cavity can be achieved when N = 6, and the average Nusselt 
number decreases with the number of roughness elements. For both amplitudes and numbers of roughness elements, 
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the average Nusselt number is always higher for pure fluid and the addition of nanoparticles adversely affects the 
heat transfer. 
(a) Re = 100 (b) Re = 500
(c) Re = 1000 (d) Re = 1500
Figure 5. Streamlines plots of 1% Al2O3-water nanofluid for different Reynolds numbers at Ra = 10
5: (a) Re = 100, (b) Re = 500,
(c) Re = 1000, and (d) Re = 1500. 
Effects of Volume Fraction of Nanofluids 
The influences of nanoparticles volume fractions on the heat transfer between the Al2O3-water and CuO-water 
for a scaled roughness number (N = 8), scaled amplitude (A = 0.05), Re = 1000, and Ra = 105 are shown in Figure 7 
for the nanoparticles volume fractions (φ) of 1%, 2%, 4% and 8%. It is observed that the heat transfer for both 
nanofluids decreases with the volume fractions of nanoparticles. Although both nanofluids have the same decreasing 
trend, different slopes can be found. The average Nusselt number of nanofluid including CuO nanoparticles 
decreases more evidently with the increasing volume fractions, which is compared with the nanofluid including 
Al2O3 nanoparticles. When a higher value of volume fraction (φ = 8%), the reduction in Nuavg between Al2O3-water 
nanofluid and base fluid is about 5% and for CuO-water nanofluid, it is about 10%. Although many studies showed 
a higher average Nusselt number with the addition of nanoparticles in a base fluid, we did not see any such 
evidence. Rather, our data suggest that the addition of nanoparticles reduces the convective heat transfer and 
increases the conduction heat transfer from the solid wall to nanofluids, which eventually provides a lower average 
Nusselt number with nanoparticles concentration. Therefore, the relative strength of convection to conduction heat 
transfer decreases with the nanoparticle concentration. These data further suggest that the addition of nanoparticles 
is not beneficial to the heat transfer in a closed cavity flow. However, for the open flow system, where the fluid can 
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be circulated by an external pump, the overall heat transfer from the hot wall to the nanofluid can be increased by 
using nanofluid with the expense of pumping power. This claim can be justified by calculating the average Nusselt 
number with respect to the base fluid thermal conductivity. 
FIGURE 6. Effects of scaled amplitudes and roughness element numbers. (a) Influence of amplitudes at N = 8, Ra = 105 and Re 
= 1000, and (b) influence of numbers of roughness elements at A = 0.05, Ra = 105, and Re = 1000. Three lines represent the 
numerical result of water, 1% CuO-water nanofluid, and 1% Al2O3-water nanofluid as indicated in the legend. 
FIGURE 7. Effect of nanoparticle volume fractions of CuO-water and Al2O3-water nanofluids.
Figure 8 shows a modified average Nusselt number as a function of nanoparticles volume fractions for both 
Al2O3-water and CuO-water nanofluids. Here the average Nusselt number is estimated using the thermal 
conductivity of water instead of nanofluid thermal conductivity. As observed the modified average Nusselt number 
increases with the concentrations of nanoparticles, and Al2O3-water nanofluid shows a better performance over the 
CuO-water fluid. These data further indicated that the conduction between the bottom wall and nanofluid is 
significantly improved due to the nanoparticles, and if the convective flow is not constrained by the domain, the 
overall heat transfer will increase. 
Smooth 2 4 6 8 10 12
6
8
10
12
14
16
 (b) A = 0.05 (Ra = 105; Re = 1000; = 1%)
 Water
 CuO-water
 Al2O3-water
Sclaed number of roughness element, N
Nu
av
g
Smooth 0.05 0.10 0.15
4
6
8
10
12
14
16
 (a) N = 8 (Ra = 105; Re = 1000; = 1%)
 Water
 CuO-water
 Al2O3-water
Scaled amplitude, A
Nu
av
g
Base fluid 2 4 6 8
8.0
8.5
9.0
9.5
10.0
N = 8
A = 0.05
Re = 1000
Ra = 105
 CuO-water
 Al2O3-water
Nanoparticles volume fraction (%)
Nu
av
g
020004-9
 
FIGURE 8. Effects of nanoparticles volume fractions on a modified average Nusselt number (Nuavg,f) estimated using base-fluid 
thermal conductivity for CuO-water and Al2O3-water nanofluids. 
 
CONCLUSIONS 
The performed numerical study investigated the mixed convection of CuO-water and Al2O3-water nanofluids in 
a rough cavity with a horizontal wavy wall, represented as a rough wall, to provide insight in the enhancement of 
heat transfer through geometry and medium optimisation. Obtained results provide some important conclusions, 
such as 
x Heat transfer within the rough cavity can be increased by increasing the Rayleigh number at a higher 
Rayleigh number (Ra ≥ 105), below which there is a negligible effect; 
x Higher Reynolds number provides better mixing of nanofluid and hence provides a higher heat transfer; 
x Addition of nanoparticles in water has a negligible effect on the heat transfer at lower Rayleigh numbers for 
all Reynolds numbers and only a small change is observed at higher Reynolds numbers; 
x Increasing amplitudes or numbers of roughness elements of a rough cavity will increase heat transfer 
between the heated wall and nanofluids but the relative strength of convective to conduction heat transfer 
will decrease; 
x The addition of nanoparticles in a base fluid adversely affects the heat transfer inside the cavity and heavier 
nanofluids perform poorly than the lighter nanofluids in a rough cavity. 
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